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On the deficiency of complete multipartite graphs
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An edge-coloring of a graph G with colors 1, . . . , t is an interval t-coloring if all colors
are used, and the colors of edges incident to each vertex of G are distinct and form an in-
teger interval. It is well-known that there are graphs that do not have interval colorings.
The deficiency of a graph G, denoted by def(G), is the minimum number of pendant
edges whose attachment to G leads to a graph admitting an interval coloring. In this
paper we investigate the problem of determining or bounding of the deficiency of com-
plete multipartite graphs. In particular, we obtain a tight upper bound for the deficiency
of complete multipartite graphs. We also determine or bound the deficiency for some
classes of complete multipartite graphs.
Keywords: proper edge-coloring, interval (consecutive) coloring, deficiency, complete
multipartite graph.
1. Introduction
All graphs considered in this paper are finite, undirected, and have no loops or multiple
edges. Let V (G) and E(G) denote the sets of vertices and edges of G, respectively. If
S ⊆ V (G), then G[S] denotes the subgraph of G induced by S. The degree of a vertex
v ∈ V (G) is denoted by dG(v), the maximum degree of vertices in G by ∆(G), and the
chromatic index of G by χ′(G). The terms and concepts that we do not define can be
found in [ 3, 12, 20].
A proper edge-coloring of a graph G is a mapping α : E(G)→ N such that α(e) 6= α(e′)
for every pair of adjacent edges e, e′ ∈ E(G). If α is a proper edge-coloring of a graph
G and v ∈ V (G), then the spectrum of a vertex v, denoted by SG (v, α) (or S (v, α)),
is the set of all colors appearing on edges incident to v. A proper edge-coloring α of a
graph G with colors 1, . . . , t is an interval t-coloring if for each vertex v of G, the set
S (v, α) is an interval of integers. A graph G is interval colorable if it has an interval
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t-coloring for some positive integer t. The set of all interval colorable graphs is denoted
by N. The concept of interval edge-coloring of graphs was introduced by Asratian and
Kamalian [ 1] in 1987. In [ 1], the authors noted that if G ∈ N, then χ′ (G) = ∆(G).
Asratian and Kamalian also proved [ 1, 2] that if a triangle-free graph G admits an
interval t-coloring, then t ≤ |V (G)| − 1. Generally, it is an NP -complete problem to
determine whether a bipartite graph has an interval coloring [ 17]. In [ 9, 10], Kamalian
investigated interval colorings of complete bipartite graphs and trees. In particular, he
proved that the complete bipartite graph Km,n has an interval t-coloring if and only if
m+n− gcd(m,n) ≤ t ≤ m+n− 1, where gcd(m,n) is the greatest common divisor of m
and n. In [ 13, 15], Petrosyan, Khachatrian and Tananyan proved that the n-dimesional
cube Qn has an interval t-coloring if and only if n ≤ t ≤
n(n+1)
2
. There are many papers
devoted to this topic, in particular, surveys on the topic can be found in some books [
3, 12].
There are graphs that have no interval colorings; a smallest example is K3. Since not
all graphs admit an interval coloring, it is naturally to consider a measure of closeness
for a graph to be interval colorable. In [ 7], Giaro, Kubale and Ma lafiejski introduced
such a measure which is called deficiency of a graph. The deficiency def(G) of a graph
G is the minimum number of pendant edges whose attachment to G makes it interval
colorable. The concept of deficiency of graphs can be also defined in terms of proper
edge-colorings. The deficiency of a proper edge-coloring α at vertex v ∈ V (G), denoted
by def(v, α), is the minimum number of integers which must be added to S (v, α) to form
an interval, and the deficiency def (G,α) of a proper edge-coloring α of G is defined as the
sum
∑
v∈V (G) def(v, α). So, def(G) = minα def (G,α), where minimum is taken over all
possible proper edge-colorings of G. Clearly, def(G) = 0 if and only if G ∈ N. In general,
the problem of determining the deficiency of a graph is NP -complete, even for regular and
bipartite graphs [ 1, 17, 7]. In [ 7], Giaro, Kubale and Ma lafiejski obtained some results
on the deficiency of bipartite graphs. In particular, they showed that there are bipartite
graphs whose deficiency approaches the number of vertices. In [ 8], the same authors
proved that if G is an r-regular graph with an odd number of vertices, then def(G) ≥ r
2
,
and determined the deficiency of odd cycles, complete graphs, wheels and broken wheels.
In [ 18], Schwartz studied the deficiency of regular graphs. In particular, he obtained
tight bounds on the deficiency of regular graphs and proved that there are regular graphs
with high deficiency. Bouchard, Hertz and Desaulniers [ 5] derived some lower bounds on
the deficiency of graphs and provided a tabu search algorithm for finding a proper edge-
coloring with minimum deficiency of a graph. Borowiecka-Olszewska, Drgas-Burchardt
and Ha luszczak [ 4] studied the deficiency of k-trees. In particular, they determined the
deficiency of all k-trees with maximum degree at most 2k, where k ∈ {2, 3, 4}. They
also proved that the following lower bound on def(G) holds: if G is a graph with an
odd number of vertices, then def(G) ≥ 2|E(G)|−(|V (G)|−1)∆(G)
2
. Recently, Khachatrian [ 11]
proved that the following upper bound on def(G) for outerplanar graphs holds: if G is an
outerplanar graph, then def(G) ≤ |V (G)|−2
og(G)−2
, where og(G) is the odd girth of the graph.
One of the less-investigated problems related to the deficiency of graphs is the prob-
lem of determining the deficiency of complete multipartite graphs. Several special cases
of complete multipartite graphs were considered by some authors. In partitcular, Gi-
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aro, Kubale and Ma lafiejski [ 8] proved the following result for the complete graph Kn:
def(Kn) = 0 if n is even, and def(Kn) =
n−1
2
if n is odd. Later, Petrosyan and Khachatrian
[ 16] proved that for near-complete graphs def(K2n+1 − e) = n− 1 (where e is an edge of
K2n+1), thereby confirming a conjecture of Borowiecka-Olszewska, Drgas-Burchardt and
Ha luszczak [ 4]. They also proved the following result for the complete tripartite graph
K1,m,n: def(K1,m,n) = 0 if gcd(m+ 1, n+ 1) = 1, and def(K1,m,n) = 1 otherwise.
In this paper, we obtain a tight upper bound for the deficiency of complete multipartite
graphs. We also determine or bound the deficiency for some classes of complete multi-
partite graphs.
2. Notation, definitions and auxiliary results
A graph G is called a complete r-partite (r ≥ 2) graph if its vertices can be partitioned
into r nonempty independent sets V1, . . . , Vr such that each vertex in Vi is adjacent to all
the other vertices in Vj for 1 ≤ i < j ≤ r. Let Kn1,n2,...,nr denote a complete r-partite
graph with independent sets V1, V2, . . . , Vr of sizes n1, n2, . . . , nr.
Let G and H be two graphs. The join G ∨H of graphs G and H is defined as follows:
V (G ∨H) = V (G) ∪ V (H),
E(G ∨H) = E(G) ∪ E(H) ∪ {uv : u ∈ V (G) ∧ v ∈ V (H)}.
For two positive integers a and b with a ≤ b, we denote by [a, b] the interval of integers
{a, a + 1, . . . , b− 1, b}. If a > b, then [a, b] = ∅. For an interval [a, b] and a nonnegative
number p, the notation [a, b]⊕ p means: [a+ p, b+ p].
Let L = (l1, . . . , lk) be an ordered sequence of nonnegative integers. The smallest and
largest elements of L are denoted by L and L, respectively. The length (the number
of elements) of L is denoted by |L|. An ordered sequence L = (l1, . . . , lk) is called a
continuous sequence if it contains all integers between L and L.
Let A be a finite set of integers. The deficiency def(A) of A is the number of integers
between minA and maxA not belonging to A. Clearly, def(A) = maxA−minA−|A|+1.
A set A with def(A) = 0 is an integer interval. Note that if α is a proper edge-coloring of
G and v ∈ V (G), then def(v, α) = def (S (v, α)).
If α is a proper edge-coloring of a graph G and v ∈ V (G), then the smallest and
largest colors of the spectrum S (v, α) are denoted by S (v, α) and S (v, α), respectively.
Let α be a proper edge-coloring of G and V ′ = {v1, . . . , vk} ⊆ V (G). Consider the
sets S (v1, α) , . . . , S (vk, α). For a coloring α of G and V
′ ⊆ V (G), define two ordered
sequences LSE(V ′, α) (Lower Spectral Edge) and USE(V ′, α) (Upper Spectral Edge) as
follows:
LSE(V ′, α) = (S (vi1 , α) , S (vi2 , α) , . . . , S (vik , α)),
where S (vil, α) ≤ S
(
vil+1 , α
)
for 1 ≤ l ≤ k − 1, and
USE(V ′, α) =
(
S (vj1, α) , S (vj2 , α) , . . . , S (vjk , α)
)
,
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where S (vjl, α) ≤ S
(
vjl+1, α
)
for 1 ≤ l ≤ k − 1.
We will use the following results.
Lemma 2.1. [ 19] If Kn,n is a complete bipartite graph with bipartition (U, V ), then for
any continuous sequence L with length n, Kn,n has a proper edge-coloring α such that:
1) for any u ∈ U , S(u, α) is an integer interval;
2) for any v ∈ V , S(v, α) is an integer interval;
3) LSE(U, α) = LSE(V, α) = L.
Lemma 2.2. [ 9, 10] For any m,n ∈ N, the complete bipartite graph Kn,nm with biparti-
tion (U, V ) has an interval nm-coloring α such that for any u ∈ U , S(u, α) = [1, nm].
Lemma 2.3. [ 14] If G is a complete r-partite graph with n vertices in each part, then
G ∈ N if and only if nr is even. Moreover, if nr is even, then G has an interval (r−1)n-
coloring α such that for any v ∈ V (G), S(v, α) = [1, (r − 1)n].
Lemma 2.4. For any n1, n2, . . . , nr ∈ N (r ≥ 3) with n1 ≤ n2 ≤ · · · ≤ nr and
∑r
i=1 ni is
odd,
def (Kn1,n2,...,nr) ≥
r∑
i=2
(n1 + 1)ni − n
2
i
2
.
Proof. Clearly, |V (Kn1,n2,...,nr)| =
∑r
i=1 ni, |E(Kn1,n2,...,nr)| =
∑
1≤i<j≤r
ninj and ∆(Kn1,...,nr) =∑r
i=2 ni. In [ 4], it was proved that if G is a graph with an odd number of vertices, then
def(G) ≥ 2|E(G)|−(|V (G)|−1)∆(G)
2
. From this and taking into account that
∑r
i=1 ni is odd, we
obtain
def (Kn1,n2,...,nr) ≥
1
2
( ∑
1≤i<j≤r
2ninj − (n1 + · · ·+ nr − 1)(n2 + · · ·+ nr)
)
=
∑
1≤i<j≤r
ninj−
−
(n1n2 + . . . n1nr + n
2
2 + · · ·n2nr + . . .+ nrn2 + . . .+ n
2
r)− (n2 + · · ·+ nr)
2
=
=
n1n2 + · · ·+ n1nr − (n
2
2 + · · ·+ n
2
r) + n2 + · · ·+ nr
2
=
r∑
i=2
(n1 + 1)ni − n
2
i
2
.
Theorem 2.5. [ 6] If for a graph G, there exists a number d such that d divides dG(v)
for every v ∈ V (G) and d does not divide |E(G)|, then G /∈ N.
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3. Bounds on the deficiency of complete multipartite graphs
In this section we investigate the problem of determining or bounding of the deficiency
of complete multipartite graphs. We begin our consideration with an upper bound on the
deficiency of complete multipartite graphs.
Theorem 3.1. For any n1, n2, . . . , nr ∈ N (r ≥ 3) with n1 ≥ nr ≥ n2 ≥ · · · ≥ nr−1,
def (Kn1,n2,...,nr) ≤
r−1∑
i=2
n2i .
Proof. For 0 ≤ i ≤ r, define a sum σ(i) as follows:
σ(i) =
{
0, if i = 0,∑i
j=1 nj , if 1 ≤ i ≤ r.
Let V1, . . . , Vr be the r independent sets of vertices of Kn1,n2,...,nr , and let
Vi =
{
vσ(i−1)+1, . . . , vσ(i)
}
for 1 ≤ i ≤ r. Also, let s = min{i+ j : vivj ∈ E (Kn1,n2,...,nr)} and S = max{i+ j : vivj ∈
E (Kn1,n2,...,nr)}.
Define an edge-coloring α of Kn1,n2,...,nr as follows: for any vivj ∈ E (Kn1,n2,...,nr), let
α (vivj) = 1 + i+ j − s.
Let us prove that α is a proper edge-coloring with def (Kn1,n2,...,nr , α) =
∑r−1
i=2 n
2
i .
By the definition, we have that α is a proper edge-coloring with colors 1, 2, . . . , 1+S−s
and for each vi ∈ V1 or vi ∈ Vr, def(vi, α) = 0. Next let vi ∈ Vl, where 2 ≤ l ≤ r − 1. By
the definition of α, we have that S (vi, α) contains colors i + 2 − s, . . . , 1 + i + σ(r) − s
except for
1 + i+ σ(l − 1) + 1− s, . . . , 1 + i+ σ(l)− s.
This implies that for each vi ∈ Vl (2 ≤ l ≤ r−1), def(vi, α) = nl. Thus, def (Kn1,n2,...,nr) ≤∑r−1
i=2 n
2
i .
An example of the coloring α from the proof of Theorem 3.1 for n1 = 4, n2 = 2, n3 = 1
and n4 = 3 one can find in Fig. 1.
Corollary 3.2. For any l, m, n ∈ N,
def(Kl,m,n) ≤ min{l
2, m2, n2}.
Note that the upper bound in Corollary 3.2 is sharp, since def(K1,m,n) = 1 if gcd(m+
1, n + 1) 6= 1 [ 16]. Next, we consider the deficiency of complete (r + 1)-partite graphs
with r parts with the same size and one large part.
6 A.R. Davtyan, G.M. Minasyan, P.A. Petrosyan
v1
v2
v3
v4
v5 v6
v7
v8
v9
v10
1
1
2
2
3
3
4 4
5
5
6
6
2
2
3
3
4
4
5
5
6
6
7
7
3
3
4
4
5
5
6
6
7
7
8
8
4
4
5
5
6
6
7
7
8
8
9 9
7
7
8
8
9
9
10
10
8
8
9
9
10
10
11
11
10
10
11
11
12
12
The proper edge-coloring α with 12 colors of K4,2,1,3 with def(K4,2,1,3, α) = 5.
Theorem 3.3. For any n, r, t ∈ N, if nr is even, then for the complete (r + 1)-partite
graph Kn,...,n,trn,
def(Kn,...,n,trn) = 0.
Proof. Let G = Kn,...,n,trn be the complete (r + 1)-partite graph and V (G) =
r⋃
i=1
Vi ∪W ,
where V1, V2, . . . , Vr and W are parts of G with sizes |Vi| = n(1 ≤ i ≤ r) and |W | = trn.
Let H1 = G
[ r⋃
i=1
Vi
]
and H2 =
( r⋃
i=1
G[Vi]
)
∨ G[W ]. Clearly, E(H1) ∩ E(H2) = ∅ and
E(H1) ∪ E(H2) = E(G). Moreover, H1 is isomorphic to the complete r-partite graph
Kn,...,n and H2 is isomorphic to the complete bipartite graph Krn,trn.
By Lemma 2.3, H1 has an interval (r − 1)n-coloring α such that for any v ∈ V (H1),
SH1(v, α) = [1, (r − 1)n]. By Lemma 2.2, H2 has an interval trn-coloring β such that for
any u ∈
r⋃
i=1
Vi, SH2(u, β) = [1, trn]. Now we define an edge-coloring γ as follows: for any
e ∈ E(G), let
γ(e) =
{
α(e), if e ∈ E(H1),
β(e) + (r − 1)n, if e ∈ E(H2).
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Let us show that γ is an interval (tr + r − 1)n-coloring.
By the definition of γ, we have
1) for any v ∈
r⋃
i=1
Vi,
SG(v, γ) = SH1(v, α)∪SH2(v, β) = [1, (r−1)n]∪[(r−1)n+1, (r−1)n+trn] = [1, (tr+r−1)n].
2) for any v ∈ W ,
SG(v, γ) = SH2(v, β)⊕ (r − 1)n = [SH2(v, β) + (r − 1)n, SH2(v, β) + (r − 1)n].
This shows that γ is an interval (tr+r−1)n-coloring of G; thus def(Kn,...,n,trn) = 0.
An example of the coloring γ from the proof of Theorem 3.3 for t = 1, r = 2 and n = 3
one can find in Fig. 2.
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5
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6
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5
6
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4
The interval 9-coloring γ of K3,3,6.
Theorem 3.4. For any n, r, t ∈ N, for the complete (r + 1)-partite graph Kn,...,n,(tr+1)n,
def(Kn,...,n,(tr+1)n) = 0 if and only if n(r + 1) is even.
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Proof. Let G = Kn,...,n,(tr+1)n be the complete (r + 1)-partite graph.
The necessity we prove by contradiction. Assume that there are natural numbers t, r
and n such that def(G) = 0 and n(r + 1) is odd. First we calculate the number of edges
of G:
|E(G)| = nr(tr + 1)n+
r(r − 1)n2
2
= rn2
(
tr + 1 +
r − 1
2
)
.
Let d be the greatest common divisor of degrees of vertices of G. Clearly for any v ∈ V (G)
either dG(v) = nr or dG(v) = n(r − 1) + (rt+ 1)n. From here, we obtain
d = gcd(nr, nr + nrt) = nr gcd(1, 1 + t) = nr.
By Theorem 2.5, we have |E(G)| ≡ 0 mod d, which means the number n(tr+1+ r−1
2
)
must be integer, which is a contradiction, since n(r + 1) is odd.
For the proof of sufficiency, let V (G) =
r⋃
i=1
Vi ∪U ∪W , where V1, V2, . . . , Vr and U ∪W
are parts of G with sizes |Vi| = n (1 ≤ i ≤ r), |U | = n and |W | = trn.
Let H1 = G
[ r⋃
i=1
Vi ∪ U
]
and H2 =
( r⋃
i=1
G[Vi]
)
∨ G[W ]. Clearly, E(H1) ∩ E(H2) = ∅
and E(H1) ∪E(H2) = E(G). Moreover, H1 is isomorphic to the complete (r + 1)-partite
graph Kn,...,n and H2 is isomorphic to the complete bipartite graph Krn,trn.
By Lemma 2.3,H1 has an interval rn-coloring α such that for any v ∈ V (H1) SH1(v, α) =
[1, rn]. By Lemma 2.2, H2 has an interval trn-coloring β such that for any u ∈
r⋃
i=1
Vi,
SH2(u, β) = [1, trn]. Now we define an edge-coloring γ as follows: for any e ∈ E(G), let
γ(e) =
{
α(e), if e ∈ E(H1),
β(e) + rn, if e ∈ E(H2).
Let us show that γ is an interval (t + 1)rn-coloring.
By the definition of γ, we have
1) for any v ∈
r⋃
i=1
Vi,
SG(v, γ) = SH1(v, α) ∪ SH2(v, β) = [1, rn] ∪ [rn+ 1, rn+ trn] = [1, (t+ 1)rn],
2) for any v ∈ W ,
SG(v, γ) = SH2(v, β)⊕ rn = [SH2(v, β) + rn, SH2(v, β) + rn].
This shows that γ is an interval (t+1)rn-coloring of G; thus def(Kn,...,n,(tr+1)n) = 0.
An example of the coloring γ from the proof of Theorem 3.4 for t = 1, r = 2 and n = 2
one can find in Fig. 3.
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The interval 8-coloring γ of K2,2,6.
Now we consider the deficiency of complete multipartite graphs which are close to
balanced complete multipartite graphs. For such graphs we prove lower and upper bounds
on the deficiency which are differ from each other by one.
Theorem 3.5. For any n, r ∈ N, if n(r+1) is even, then for the complete (r+1)-partite
graph Kn,...,n,n+1,
n(r − 1)
2
≤ def(Kn,...,n,n+1) ≤
n(r − 1)
2
+ 1.
Proof. Let G = Kn,...,n,n+1 be the complete (r + 1)-partite graph.
First we prove the lower bound. Since |V (G)| = n(r+1)+ 1 is odd, by Lemma 2.4, we
obtain
def(G) ≥ (r − 1)
(n+ 1)n− n2
2
+
(n + 1)(n+ 1)− (n+ 1)2
2
=
n(r − 1)
2
.
Next we show that def(G) ≤ n(r−1)
2
+ 1. We distinguish this part of the proof into two
cases.
Case 1: r is odd.
Let V (G) =
(
r+1⋃
i=1
Vi
)
∪ {w}, where V1, V2, . . . , Vr and Vr+1 ∪ {w} are parts of G with
sizes |Vi| = n (1 ≤ i ≤ r) and |Vr+1 ∪ {w}| = n + 1. Also, let Vi =
{
v
(i)
j : 1 ≤ j ≤ n
}
(1 ≤ i ≤ r + 1) and H = G
[
r+1⋃
i=1
Vi
]
. Clearly, H is isomorphic to the complete (r + 1)-
partite graph Kn,...,n. In [ 14], it was proved that H has an interval
(
(3r+1)n
2
−1
)
-coloring
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α such that for any 1 ≤ i ≤ r+1
2
and 1 ≤ j ≤ n,
S
(
v
(2i−1)
j , α
)
= S
(
v
(2i)
j , α
)
= [j + (i− 1)n, j + (i− 1)n+ rn− 1] =
= [j + (i− 1)n, j + (r + i− 1)n− 1].
Define an edge-coloring β of G as follows: for any e ∈ E(G), let
β(e) =


α(e) + 1, if e ∈ E(H),
(i− 1)n+ j, if e = wv
(2i−1)
j , 1 ≤ i ≤
r+1
2
, 1 ≤ j ≤ n,
(r + i− 1)n+ j + 1, if e = wv
(2i)
j , 1 ≤ i <
r+1
2
, 1 ≤ j ≤ n.
Let us prove that β is a proper edge-coloring of G with (3r+1)n
2
colors such that def(G, β) =
def (w, β) = n(r−1)
2
+ 1.
By the definition of β, we have
1) for 1 ≤ i ≤ r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i−1)
j , β
)
= [(i− 1)n+ j, (i+ r − 1)n+ j],
2) for 1 ≤ i < r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i)
j , β
)
= [(i− 1)n+ j + 1, (i+ r − 1)n+ j + 1],
3) for i = r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i)
j , β
)
= [(i− 1)n+ j + 1, (i+ r − 1)n+ j],
4) S (w, β) =
r+1
2⋃
i=1
n⋃
j=1
{(i− 1)n+ j} ∪
r−1
2⋃
i=1
n⋃
j=1
{(r+ i− 1)n+ j +1} =
r+1
2⋃
i=1
[(i− 1)n+1, in]∪
r−1
2⋃
i=1
[(r + i− 1)n+ 2, (r + i)n + 1] =
[
1, r+1
2
n
]
∪
[
rn+ 2,
(
r + r−1
2
)
n+ 1
]
.
This shows that for any v ∈ V (G)\{w}, S(v, β) is an integer interval. Now we consider
the spectrums of the vertex w. By 4), we obtain
a) |S(w, β)| = r+1
2
n + (r + r−1
2
)n− rn = rn = dG(w),
b) def(w, β) = S(w, β)− S(w, β)− |S(w, β)|+ 1 = (r + r−1
2
)n− rn+ 1 = r−1
2
n+ 1.
This implies that β is a proper edge-coloring ofGwith (3r+1)n
2
colors such that def(G, β) =
def(w, β) = n(r−1)
2
+ 1.
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Case 2: n is even.
Let V (G) =
(
2(r+1)⋃
i=1
Vi
)
∪{w}, where V1∪V3, V2i∪V2i+3 (1 ≤ i ≤ r−1) and V2r∪V2(r+1)∪
{w} are parts of G with sizes |Vi| =
n
2
(1 ≤ i ≤ 2(r+1)). Also, let Vi =
{
v
(i)
j : 1 ≤ j ≤
n
2
}
(1 ≤ i ≤ 2(r+1)) and H = G
[
2(r+1)⋃
i=1
Vi
]
. Clearly, H is isomorphic to the complete (r+1)-
partite graph Kn,...,n. In [ 14], it was proved that H has an interval
(
(3r+1)n
2
− 1
)
-coloring
γ such that for any 1 ≤ i ≤ r + 1 and 1 ≤ j ≤ n
2
,
S
(
v
(2i−1)
j , γ
)
= S
(
v
(2i)
j , γ
)
=
[
j + (i− 1)
n
2
, j + (2r + i− 1)
n
2
− 1
]
.
Define an edge-coloring ϕ of G as follows: for any e ∈ E(G), let
ϕ(e) =


γ(e) + 1, if e ∈ E(H),
(i− 1)n
2
+ j, if e = wv
(2i−1)
j , 1 ≤ i ≤ r + 1, 1 ≤ j ≤
n
2
,
(2r + i− 1)n
2
+ j + 1, if e = wv
(2i)
j , 1 ≤ i ≤ r − 1, 1 ≤ j ≤
n
2
.
Let us prove that ϕ is a proper edge-coloring of G with (3r+1)n
2
colors such that
def(G,ϕ) = def(w, ϕ) = n(r−1)
2
+ 1.
By the definition of ϕ, we have
1’) for 1 ≤ i ≤ r + 1, 1 ≤ j ≤ n
2
,
S
(
v
(2i−1)
j , ϕ
)
=
[
j + (i− 1)
n
2
, j + (i+ 2r − 1)
n
2
]
,
2’) for 1 ≤ i ≤ r − 1, 1 ≤ j ≤ n
2
,
S
(
v
(2i)
j , ϕ
)
=
[
j + (i− 1)
n
2
+ 1, j + (i+ 2r − 1)
n
2
+ 1
]
,
3’) for i ∈ {r, r + 1}, 1 ≤ j ≤ n
2
,
S
(
v
(2i)
j , ϕ
)
=
[
j + (i− 1)
n
2
+ 1, j + (i+ 2r − 1)
n
2
]
,
4’) S(w, ϕ) =
r+1⋃
i=1
n
2⋃
j=1
{j+(i−1)n
2
}∪
r−1⋃
i=1
n
2⋃
j=1
{j+(2r+ i−1)n
2
+1} =
r+1⋃
i=1
[
(i− 1)n
2
+ 1, in
2
]
∪
r−1⋃
i=1
[
(2r + i− 1)n
2
+ 2, (2r + i)n
2
+ 1
]
=
[
1, n(r+1)
2
]
∪
[
nr + 2, (3r−1)n
2
+ 1
]
.
This shows that for any v ∈ V (G)\{w}, S(v, ϕ) is an integer interval. Now we consider
the spectrums of the vertex w. By 4′), we obtain
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a’) |S(w, ϕ)| = n(r+1)
2
+ n(3r−1)
2
− nr = nr = dG(w),
b’) def(w, ϕ) = S(w, ϕ)− S(w, ϕ)− |S(w, ϕ)|+ 1 = n(3r−1)
2
− nr + 1 = n(r−1)
2
+ 1.
This implies that ϕ is a proper edge-coloring ofG with (3r+1)n
2
colors such that def(G,ϕ) =
def(w, ϕ) = n(r−1)
2
+ 1.
Next, we consider the deficiency of complete (r + 1)-partite graphs with r parts with
the same size n and one part with size n + 2. For such graphs we prove an upper bound
on the deficiency.
Theorem 3.6. For any n, r ∈ N, if n(r+1) is even, then for the complete (r+1)-partite
graph Kn,...,n,n+2,
def(Kn,...,n,n+2) ≤ nr + 2.
Proof. Let G = Kn,...,n,n+2 be the complete (r + 1)-partite graph. We distinguish our
proof into two cases.
Case 1: r is odd.
Let V (G) =
(
r+1⋃
i=1
Vi
)
∪ {w1, w2}, where V1, V2, . . . , Vr and Vr+1 ∪ {w1, w2} are parts of G
with sizes |Vi| = n (1 ≤ i ≤ r) and |Vr+1∪{w1, w2}| = n+2. Also, let H = G
[
r+1⋃
i=1
Vi
]
and
Vi =
{
v
(i)
j : 1 ≤ j ≤ n
}
(1 ≤ i ≤ r+1). Clearly, H is isomorphic to the complete (r+1)-
partite graph Kn,...,n. In [ 14], it was proved that H has an interval
(
n(3r+1)
2
− 1
)
-coloring
α such that for any 1 ≤ i ≤ r+1
2
and 1 ≤ j ≤ n,
S
(
v
(2i−1)
j , α
)
= S
(
v
(2i)
j , α
)
= [j + (i− 1)n, j + (i− 1)n+ rn− 1] =
= [j + (i− 1)n, j + (i+ r − 1)n− 1].
Define an edge-coloring β of G as follows: for any e ∈ E(G), let
β(e) =


α(e) + 1, if e ∈ E(H),
j + (i− 1)n, if e = w1v
(2i−1)
j , 1 ≤ i ≤
r+1
2
, 1 ≤ j ≤ n,
j + (r + i− 1)n+ 1, if e = w1v
(2i)
j , 1 ≤ i <
r+1
2
, 1 ≤ j ≤ n,
j + (r + i− 1)n+ 1, if e = w2v
(2i−1)
j , 1 ≤ i ≤
r+1
2
, 1 ≤ j ≤ n,
j + (i− 1)n, if e = w2v
(2i)
j , 1 ≤ i <
r+1
2
, 1 ≤ j ≤ n.
Let us prove that β is a proper edge-coloring of G with n(3r+1)
2
+ 1 colors such that
def(G, β) = def(w1, β) + def(w2, β) = nr + 2.
By the definition of β, we have
1) for 1 ≤ i ≤ r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i−1)
j , β
)
= [j + (i− 1)n, j + (i+ r − 1)n+ 1],
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2) for 1 ≤ i < r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i)
j , β
)
= [j + (i− 1)n, j + (i+ r − 1)n+ 1],
3) for i = r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i)
j , β
)
= [j + (i− 1)n+ 1, j + (i+ r − 1)n],
4) S (w1, β) =
r+1
2⋃
i=1
n⋃
j=1
{j+(i−1)n}∪
r−1
2⋃
i=1
n⋃
j=1
{j+(r+ i−1)n+1} =
r+1
2⋃
i=1
[(i− 1)n+ 1, in]∪
r−1
2⋃
i=1
[(r + i− 1)n+ 2, (r + i)n + 1] =
[
1, r+1
2
n
]
∪
[
2 + rn, 1 +
(
r + r−1
2
)
n
]
,
5) S (w2, β) =
r−1
2⋃
i=1
n⋃
j=1
{j+(i−1)n}∪
r+1
2⋃
i=1
n⋃
j=1
{j+(r+ i−1)n+1} =
r−1
2⋃
i=1
[(i− 1)n + 1, in]∪
r+1
2⋃
i=1
[(r + i− 1)n+ 2, (r + i)n+ 1] =
[
1, r−1
2
n
]
∪
[
2 + rn, 1 +
(
r + r+1
2
)
n
]
.
This shows that for any v ∈ V (G) \ {w1, w2}, S(v, β) is an integer interval. Now we
consider the spectrums of the vertices w1 and w2. By 4) and 5), we obtain
a) |S(w1, β)| = |S(w2, β)| = rn = dG(w1) = dG(w2),
b) def(w1, β) = S(w1, β)− S(w1, β)− |S(w1, β)|+ 1 = (r +
r−1
2
)n− rn+ 1 = r−1
2
n+ 1,
c) def(w2, β) = S(w2, β)− S(w2, β)− |S(w2, β)|+ 1 = (r +
r+1
2
)n− rn+ 1 = r+1
2
n + 1.
This implies that β is a proper edge-coloring of G with n(3r+1)
2
+ 1 colors such that
def(G, β) = def(w1, β) + def(w2, β) = nr + 2.
Case 2: n is even.
Let V (G) =
(
2(r+1)⋃
i=1
Vi
)
∪ {w1, w2}, where V1 ∪ V3, V2i ∪ V2i+3 (1 ≤ i ≤ r − 1) and
V2r ∪ V2(r+1) ∪ {w1, w2} are parts of G with sizes |Vi| =
n
2
(1 ≤ i ≤ 2(r + 1)). Also,
let H = G
[
2(r+1)⋃
i=1
Vi
]
and Vi =
{
v
(i)
j : 1 ≤ j ≤
n
2
}
(1 ≤ i ≤ 2(r + 1)). Clearly, H is
isomorphic to the complete (r + 1)-partite graph Kn,...,n. In [ 14], it was proved that H
has an interval
(
n(3r+1)
2
− 1
)
-coloring γ such that for any 1 ≤ i ≤ r + 1 and 1 ≤ j ≤ n
2
,
S
(
v
(2i−1)
j , γ
)
= S
(
v
(2i)
j , γ
)
=
[
j + (i− 1)
n
2
, j + (2r + i− 1)
n
2
− 1
]
.
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Define an edge-coloring ϕ of G as follows: for any e ∈ E(G), let
ϕ(e) =


γ(e) + 1, if e ∈ E(H),
j + (i− 1)n
2
, if e = w1v
(2i−1)
j , 1 ≤ i ≤ r + 1, 1 ≤ j ≤
n
2
,
j + (2r + i− 1)n
2
+ 1, if e = w1v
(2i)
j , 1 ≤ i ≤ r − 1, 1 ≤ j ≤
n
2
,
j + (2r + i− 1)n
2
+ 1, if e = w2v
(2i−1)
j , 1 ≤ i ≤ r + 1, 1 ≤ j ≤
n
2
,
j + (i− 1)n
2
, if e = w2v
(2i)
j , 1 ≤ i ≤ r − 1, 1 ≤ j ≤
n
2
.
Let us prove that ϕ is a proper edge-coloring of G with n(3r+1)
2
+ 1 colors such that
def(G,ϕ) = def(w1, ϕ) + def(w2, ϕ) = nr + 2.
By the definition of ϕ, we have
1’) for 1 ≤ i ≤ r + 1, 1 ≤ j ≤ n
2
,
S
(
v
(2i−1)
j , ϕ
)
=
[
j + (i− 1)
n
2
, j + (i+ 2r − 1)
n
2
+ 1
]
,
2’) for 1 ≤ i ≤ r − 1, 1 ≤ j ≤ n
2
,
S
(
v
(2i)
j , ϕ
)
=
[
j + (i− 1)
n
2
, j + (i+ 2r − 1)
n
2
+ 1
]
,
3’) for i ∈ {r, r + 1}, 1 ≤ j ≤ n
2
,
S
(
v
(2i)
j , ϕ
)
=
[
j + (i− 1)
n
2
+ 1, j + (i+ 2r − 1)
n
2
]
,
4’) S (w1, ϕ) =
r+1⋃
i=1
n
2⋃
j=1
{j+(i−1)n
2
}∪
r−1⋃
i=1
n
2⋃
j=1
{j+(2r+i−1)n
2
+1} =
r+1⋃
i=1
[
(i− 1)n
2
+ 1, in
2
]
∪
r−1⋃
i=1
[
(2r + i− 1)n
2
+ 2, (2r + i)n
2
+ 1
]
=
[
1, (r + 1)n
2
]
∪
[
2 + 2r n
2
, 1 + (3r − 1)n
2
]
,
5’) S (w2, ϕ) =
r−1⋃
i=1
n
2⋃
j=1
{j+(i−1)n
2
}∪
r+1⋃
i=1
n
2⋃
j=1
{j+(2r+i−1)n
2
+1} =
r−1⋃
i=1
[
(i− 1)n
2
+ 1, in
2
]
∪
r+1⋃
i=1
[
(2r + i− 1)n
2
+ 2, (2r + i)n
2
+ 1
]
=
[
1, n(r−1)
2
]
∪
[
nr + 2, n(3r+1)
2
+ 1
]
.
This shows that for any v ∈ V (G) \ {w1, w2}, S(v, ϕ) is an integer interval. Now we
consider the spectrums of the vertices w1 and w2. By 4
′) and 5′), we obtain
a’) |S(w1, ϕ)| = |S(w2, ϕ)| = rn = dG(w1) = dG(w2),
b’) def(w1, ϕ) = S(w1, ϕ)− S(w1, ϕ)− |S(w1, ϕ)|+ 1 =
n(3r−1)
2
− nr + 1 = n(r−1)
2
+ 1,
c’) def(w2, ϕ) = S(w2, ϕ)− S(w2, ϕ)− |S(w2, ϕ)|+ 1 =
n(3r+1)
2
− nr + 1 = n(r+1)
2
+ 1.
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This implies that ϕ is a proper edge-coloring of G with n(3r+1)
2
+ 1 colors such that
def(G,ϕ) = def(w1, ϕ) + def(w2, ϕ) = nr + 2.
Now we consider the deficiency of complete (r + 1)-partite (r ≥ 3) graphs with r − 1
parts with the same size n and two parts with the same size n + 1. For such graphs we
prove an upper bound on the deficiency.
Theorem 3.7. For any n, r ∈ N, if r is odd, then for the complete (r + 1)-partite graph
Kn,...,n,n+1,n+1,
def(Kn,...,n,n+1,n+1) ≤ n(r − 1).
Proof. LetG = Kn,...,n,n+1,n+1 be the complete (r+1)-partite graph and V (G) =
(
r+1⋃
i=1
Vi
)
∪
{w1, w2}, where V1, V2, . . . , Vr−1 and Vr∪{w1}, Vr+1∪{w2} are parts ofG with sizes |Vi| = n
(1 ≤ i ≤ r − 1) and |Vr ∪ {w1}| = |Vr+1 ∪ {w2}| = n + 1. Also, let H = G
[
r+1⋃
i=1
Vi
]
and
Vi =
{
v
(i)
j : 1 ≤ j ≤ n
}
(1 ≤ i ≤ r+1). Clearly, H is isomorphic to the complete (r+1)-
partite graph Kn,...,n. In [ 14], it was proved that H has an interval
(
n(3r+1)
2
− 1
)
-coloring
α such that for any 1 ≤ i ≤ r+1
2
and 1 ≤ j ≤ n,
S
(
v
(2i−1)
j , α
)
= S
(
v
(2i)
j , α
)
= [j + (i− 1)n, j + (i− 1)n+ rn− 1] =
= [j + (i− 1)n, j + (i+ r − 1)n− 1].
Define an edge-coloring β of G as follows: for any e ∈ E(G), let
β(e) =


α(e) + 1, if e ∈ E(H),
j + (r + i− 1)n+ 1, if e = w1v
(2i−1)
j , 1 ≤ i <
r+1
2
, 1 ≤ j ≤ n,
j + (i− 1)n, if e = w1v
(2i)
j , 1 ≤ i ≤
r+1
2
, 1 ≤ j ≤ n,
j + (i− 1)n, if e = w2v
(2i−1)
j , 1 ≤ i ≤
r+1
2
, 1 ≤ j ≤ n,
j + (r + i− 1)n+ 1, if e = w2v
(2i)
j , 1 ≤ i <
r+1
2
, 1 ≤ j ≤ n,
nr + 1, if e = w1w2.
Let us prove that β is a proper edge-coloring of G with n(3r+1)
2
colors such that def(G, β) =
def(w1, β) + def(w2, β) = n(r − 1).
By the definition of β, we have
1) for 1 ≤ i < r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i−1)
j , β
)
= S
(
v
(2i)
j , β
)
= [j + (i− 1)n, j + (i+ r − 1)n+ 1],
2) for i = r+1
2
, 1 ≤ j ≤ n,
S
(
v
(2i−1)
j , β
)
= S
(
v
(2i)
j , β
)
= [j + (i− 1)n, j + (i+ r − 1)n],
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3) S (w1, β) = S (w2, β) =
r+1
2⋃
i=1
n⋃
j=1
{j+(i−1)n}∪
r−1
2⋃
i=1
n⋃
j=1
{j+(r+ i−1)n+1}∪{nr+1} =
=
r+1
2⋃
i=1
[(i− 1)n+ 1, in] ∪
r−1
2⋃
i=1
[(r + i− 1)n+ 2, (r + i)n+ 1] ∪ {nr + 1} =
=
[
1, r+1
2
n
]
∪
[
nr + 1, (r + r−1
2
)n+ 1
]
.
This shows that for any v ∈ V (G) \ {w1, w2}, S(v, β) is an integer interval. Now we
consider the spectrums of the vertices w1 and w2. By 3), we obtain
a) |S(w1, β)| = |S(w2, β)| = nr + 1 = dG(w1) = dG(w2),
b) def(w1, β) = S(w1, β)− S(w1, β)− |S(w1, β)|+ 1 = (r +
r−1
2
)n− rn = r−1
2
n,
c) def(w2, β) = S(w2, β)− S(w2, β)− |S(w2, β)|+ 1 = (r +
r−1
2
)n− rn = r−1
2
n.
This implies that β is a proper edge-coloring ofGwith n(3r+1)
2
colors such that def(G, β) =
def(w1, β) + def(w2, β) = n(r − 1).
Finally we consider the deficiency of some class of complete 4-partite graphs. Here we
prove an upper bound on the deficiency.
Theorem 3.8. For any l, m, n ∈ N,
def(Kl,m,n,l+m+n) ≤ min{l
2, m2, n2}.
Proof. Without loss of generality we may assume that l ≤ m ≤ n.
Let V (G) = W ∪ U ∪ V ∪ T , where W = {wi : 1 ≤ i ≤ l}, U = {ui : 1 ≤ i ≤ m},
V = {vi : 1 ≤ i ≤ n} and T = {ti : 1 ≤ i ≤ l+m+ n}. Also, let H1 = G[W ∪U ∪ V ] and
H2 = (G[W ] ∪ G[U ] ∪ G[V ]) ∨ G[T ]. Clearly, H1 is isomorphic to the graph Kl,m,n and
H2 is isomorphic to the graph Kl+m+n,l+m+n.
We define an edge-coloring α of H1 as follows:
1) for 1 ≤ i ≤ m, 1 ≤ j ≤ n, let α(uivj) = l + i+ j − 1;
2) for 1 ≤ p ≤ l, 1 ≤ j ≤ n, let α(wpvj) = p+ j − 1;
3) for 1 ≤ i ≤ m, 1 ≤ p ≤ l, let α(uiwp) = l + n+ i+ p− 1.
By the definition of α, we have
a) for 1 ≤ j ≤ n, S(vj, α) =
m⋃
i=1
{l + i+ j − 1} ∪
l⋃
p=1
{p+ j − 1} =
[j + l, j + l +m− 1] ∪ [j, j + l − 1] = [j, j + l +m− 1],
b) for 1 ≤ i ≤ m, S(ui, α) =
n⋃
j=1
{l + i+ j − 1} ∪
l⋃
p=1
{l + n+ i+ p− 1} =
[i+ l, i+ l + n− 1] ∪ [i+ l + n, i+ 2l + n− 1] = [i+ l, i+ 2l + n− 1],
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c) for 1 ≤ p ≤ l, S(wp, α) =
n⋃
j=1
{p+ j − 1} ∪
m⋃
i=1
{l + n+ i+ p− 1}=
[p, p+ n− 1] ∪ [p+ l + n, p+ l + n+m− 1].
It is easy to see that α is a proper edge-coloring and for any z ∈ U ∪ V , def(z, α) = 0,
and for any w ∈ W , def(w, α) = l. This implies that
def(H1) ≤ def(H1, α) =
l∑
p=1
def(wp, α) = l
2.
Let L1 = USE(V, α), L2 = USE(U, α), L3 = USE(W,α) and Q1 = USE(W∪U∪V, α).
By the definition of α, it follows that
1’) L1 = (l +m, l +m+ 1, . . . , l +m+ n− 1),
2’) L2 = (2l + n, 2l + n + 1, . . . , 2l + n+m− 1),
3’) L3 = (l +m+ n, l +m+ n+ 1, . . . , 2l +m+ n− 1).
From here, we obtain
a’) L1 ≤ L3 = L2
b’) L2 ≤ L3
c’) L2 − 1 ≤ L1
d’) L1 ≤ L2
This shows that Q1 = (q1, q2, . . . , ql+m+n) is a continuous sequence, moreover Q1 = L1
and Q1 = L2. Let Q2 = (q1+1, q2+1, . . . , ql+m+n+1). By Lemma 2.1, we obtain that H2
has a proper edge-coloring β such that for any z ∈ V (H2), S(z, β) is an integer interval
and LSE(T, β) = LSE(W ∪ U ∪ V, β) = Q2.
Now we are able to define an edge-coloring γ of G. For any e ∈ E(G), let
γ(e) =
{
α(e), if e ∈ E(H1),
β(e), if e ∈ E(H2).
By the definition of γ, we have that for any t ∈ T , S(t, γ) = S(t, β), hence def(t, γ) = 0.
Next by the definitions of Q1, Q2 and α, β, we obtain that for any z ∈ W ∪ U ∪ V,
S(z, α) + 1 = S(z, β), and hence def(z, γ) = def(z, α), since def(z, β) = 0 for any z ∈
W ∪ U ∪ V . This implies that
def(G) ≤ def(G, γ) =
∑
v∈V (G)
def(v, γ) =
∑
v∈W∪U∪V
def(v, γ) =
∑
v∈W∪U∪V
def(v, α) ≤ min{l2, m2, n2}.
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